We use the Kodaira's classification of relatively minimal elliptic fibrations to prove that a holomorphic foliation in CP 2 with a dicritical compact elliptic curve has rational first integral.
Introduction and statement of the result
Given a polynomial system of equations of first order and of first degree in the complex plane Poincar, among others, raised the following question: under which assumptions the system is algebraically integrable. That is, when can one find a rational function such that the solutions of the system are its level curves? (such function is called a rational first integral in modern terminology). On the other hand, admitting the existence of a rational first integral, Poincaré showed how to construct it as soon an upper bound for the degrees of the solutions of the system is given [8] , [9] , [10] rising the nowadays known Poincar problem (see, for instance, [7] and references there for a short account on this problem).
Interested in Poincar's problem, in [6] , Lins Neto exhibits families of foliations in CP 2 of degree 4 parameterized by C such that they all have a singular algebraic solution, specifically the curve formed by the union of a very particular configuration of nine projective lines. Their singularities on that curve are all of radial type while the remained ones have all local holomorphic first integral. Also, for a non-countable dense set of parameter values, these foliations do not have rational first integral at all but for the complement of that set they do have.
Thus, incidentally, Lins Neto's example seems to suggest that some condition on the arrangement of the irreducible components of the algebraic solution -or, rather, on the relative position of the singularities of the foliation-should be given in order to obtain a positive answer to the integrability problem. Definition 1.1. We say that a singularity of F is of dicritical radial type if both, F has algebraic multiplicity one at it, and if after one single blow up the exceptional line is not a solution of the strict transform of F. Definition 1.2. Let S be an algebraic solution of F, that is S is a reduced divisor such that S \ Sing (F) is a leaf of F. We will say that S is of dicritical radial type if both, any singularity of F on S is of dicritical radial type and if after one single blow up at each singularity of F in S the proper transform of S is free of singularities of the proper transform of F.
Our result is the following;
Theorem Let F be a holomorphic foliation in CP 2 with non-degenerated singularities (i.e. Milnor number one). Let S be a dicritical radial type smooth elliptic curve such that:
a) The singularities of F in CP 2 −S have a finite number of separatrices of F.
b) There exists another compact curve, say T , such that deg(T ) = deg(S) and S ∩ T = Sing (F) ∩ S.
Then F has rational first integral.
Proof of the result
We use the same notations and definitions for the theory of foliations as appear in [7] . Let G be the pencil generated by T and S. Let π : X → CP 2 be the blow up one time each point of the base locus of the pencil G and callG andF the strict transformed foliation of G and F by π respectively.
We have thatG is a fibration over CP 1 , that is there exists a proper holomorphic map g : X → CP 1 such that the leaves ofG are exactly the fibers of g. Note that the fibers of g are free of exceptional curves. Moreover we assert that the fibers of g are connected. In fact since the singularities of F in S are admissible and S is smooth we have by CamahoSad index theorem S 2 = #(Sing (F) ∩ S). If S 0 is a curve of the pencil G (by a curve of the pencil we means a curve which is linearly combination of S and T ), we have deg(S 0 ) = deg(S) then, by Bezout's theorem, S 2 = P p∈Sing(F)∩S (S, S 0 ) p , where (S, S 0 ) p is the intersection number between S and S 0 in p. Since (S, S 0 ) p > 0 for every p ∈ Sing (F) ∩ S we have that (S, S 0 ) p = 1, that is any curve of the pencil G meets S transversally. Then the fibers of g are connected and thereforeG is a relatively minimal elliptic fibration over CP 1 (a fibration which fibers are connected and free of exceptional curves is called relatively minimal).
We will prove that F = G. First we observe thatG has singular fibers. Otherwise, ifG has not singular fibers, we would have c 2 1 (X) = 2c 2 (X) (recall that for any elliptic fibration f : Z → CP 1 without singular fibers we have the relation c 2 1 (Z) = 2c 2 (Z)) which is an absurd since c 2 1 (X) = c 2 1 (CP 2 ) − 9 = 0 and c 2 (X) = c 2 (CP 2 ) + 9 = 12.
Letf be a singular fiber of the fibrationG and suppose thatf is not invariant byF, then by [3] , lemma 2, and lemma 3 tang(F,f ) = c 1 (NF )f − χ(f ) = c 1 (NF )S = 0, then tang(F,f ) = 0 and this implies thatf is smooth, contradiction. Thereforef is invariant byF.
On the other hand the Kodaira table for relatively minimal elliptic fibrations says that any singular fiber of a relatively minimal elliptic fibration is, as a curve, either rational with a cusp or rational with a singularity of nodal type or a chain of -2 curves (that is, a chain of rational smooth curves with self-intersection number -2). Moreover the singularities of a chain of -2 curves are either of nodal type or a singularity formed by the contact of order two between two rational smooth curves or a simple triple crossing between tree rational smooth curves that meet transversally in a point (see [2] pag. 150).
We assert that the singular fibers ofG have only nodal type singularities. Indeed if p is a singularity of a chain of -2 curves, then p must be a singularity ofF and therefore must be non-degenerated. Now, if p were a singularity formed by the contact of order two between two rational smooth curves or a simple triple crossing between tree rational smooth curves we would have, by theorem 4 in [4] , that the Milnor number of F in p would be greater than one contradicting the hypothesis that the singularities of F are non-degenerated. Therefore p must be a nodal type singularity.
By the same reason a fiber ofG cannot be rational curve with a cusp. Therefore all singular fibers ofG have only nodal type singularities. Thus if f is the projection ofF to CP 2 by π we have that f is a F-invariant compact curve of degree 3 with only nodal type singularities which meets S transversally. Observe that S 2 = #(Sing (F) ∩ S) = GSV (F, S) = c 1 (N F )S − S 2 , that is, c 1 (N F )S = 2S 2 . Therefore, by [5] theorem 1, we obtain that F is given in homogeneous coordinates in C 3 by the meromorphic 1-form ω = dh/h − dg/g where h and g are homogeneous polynomials in C 3 of the same degree and such that S = {h = 0}and f = {g = 0}.That is Fhas rational first integral h/g.Consequently G = F.
